Lu Wei Introduction to Quantum Information: Exercise 1

Problem 1 Describe and prove the no-cloning theorem.

Solution: The no-cloning theorem states that it is impossible to perfectly clone an unknown quantum
state using unitary evolution. The proof is as follows, suppose that we have such a unitary operator
U such that for arbitrary state |¢), we have U(|¢p) @ |0)) = |¢) @ |¢). Then consider two different and
un-orthogonal states |i) and |¢), we have

U(ly) 10)) = ly) @ [y), ©)
U(lg) ©10)) = lg) @ |9)- )
Taking the inner produce of left hand sides and right hand sides of the above two equalities, we obtain
(¢l @ ohu'u(le) @ 10)) = (¢l @ (¥])(|@) @ 9)), 3)
equivalently, we have
(wlg) = ((yl))?*. (4)

Notice that in the above we have used the assumption that U is unitary. This implies that (i|¢) equals
Oor1l,ie., ¢ and ¢ are the same or orthogonal, which is contradict with the assumption of |) and |¢),
thus such U does not exist. |

Problem 2 Prove that non-orthogonal states can’t be reliably distinguished.

Solution: This can be proved using proof by contradiction. To this end, let’s first clarify that here by the
word ‘reliably’ we means that the experimenter choose a measurement M; to measure and according to the
measurement outcome, he guess the index of given state 1; using the guess function f(j) = i with success
probability 1. Now suppose the experimenter is given two nonorthogonal states |{;) and |¢,). Suppose
the measurement M = {My, - - - , M,;} which can reliably distinguish these two states is possible. If the
state |(1) (resp. |¢2)) is prepared then the probability of measuring j such that f(j) = 1(resp. f(j) = 2)
must be 1. Defining E; = ZJ»: F(j)=i M;Mj, these observations may be written as:

($1|E1lg1) =1 ($2|E2l¢p2) = 1. 6)

From the completeness of the measurement ) ; E; = I it follows that ) <1p1 |Ei| 1,01) = 1, and since
(1 |E1| 1) = 1 we must have (i1 |Ez| 1) = 0, and thus v/E; |§1) = 0. Suppose we decompose [¢,) =
« 1) + Bl@), where |@) is orthonormal to [¢1), |a[* + |B]*> = 1, and |B| < 1 since |¢1) and |¢,) are not
orthogonal. Then /E; |¢») = B+/Ez|¢), which implies a contradiction with (5) as

<l/)2 |E2| ¢2> = |,B|2 <(P |Ez| (P> < |.B|2 <1 (6)
where the second last inequality follows from the observation that
(9lE2l9) <Y (o lEl @) =(p|¢) =1 @)
1
This completes the proof. -

Problem 3 Find the eigenvectors, eigenvalues, and diagonal representations of the Pauli matrices X, Y
and Z
Solution: Recall that

01 0 —i 1 0
X_<1 0>’Y_<i 0)’ _<0 —1)' ®)

o Firstly consider Z, since Z is diagonal, it’s obvious that

Az = 41, ©)

Problem 3 continued on next page. .. -1-
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0
1 ) . (10)

and the corresponding eigenvectors are

|z+>:|o>=<§>, |z—>=|1>=<

The diagonal representation of Z is

Z = |0)(0] —[1)(1]. (11)
e For X, we have
det(X—/\I)—‘ _1)‘ _1/\ =A-1=0 (12)

So the eigenvalues of X are {1, —1}. The eigenvector corresponding to A = 1 is

= (1)G)-()=(0)-6) e

This implies « = B, Thus the normalized eigenvector (up to an arbitrary phase factor) is |+) = —-(]0) +|1)).

7
The eigenvector corresponding to A = —1is

_ 01 x \ [ —a B\ _ [ —«
This implies that « = —p. Thus the normalized eigenvector (up to an arbitrary phase factor) is |—) =

% (|0) — |1)) Then, the diagonal representation of X is given by

(10) + 1) ({0 + (1)) — %(I0> = [1) (0] = (1)) (15)

N| —

X = [+){+ = =) (-] =

e Now consider Y,
A —i

. =A-1=0 (16)

det(Y — AI) = ‘

So the eigenvalues of Y are {1, —1}. The eigenvector corresponding to A =1 is

v (09)(6)-0) = (2)-(5) o

This implies that « = —iB. Thus the normalized eigenvector up to an overall phase is |Y+) = % (10) +1[1)).

The eigenvector corresponding to A = —1is

= ()()(3) (2)-(3)

This implies that « = if. Thus the normalized eigenvector is |Y—) = —1-(|0) —i|1)). Then, the diagonal

V2
representation of Y is given by
1 . . 1 . ,
Y= Y)Y+ [ = [Y=) Y = | = 5(10) +1[1)) ({0 +i(1]) — 5(|0) —[1))((0] —i(1}) (19)
This completes the problem. |
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Problem 4 Write down the commutation relations and anti-commutation relations for the Pauli matrices
and prove them.
Solution: The commutation relations:

[Ui,U]} = 2i€;jx0k (20)
the anti-commutation relations:
{007} =201
where i,j,k=1,2,3
In fact, we have
0’1'0’]‘ = (51']'1 + ieiij’k. (21)

This can be proved by direction calculation using the expression of

0'1:<(1)(1)>,0'2:<?6i>,0'3:<(1) _01> (22)

by easy matrix calculation, we have

0107 = 0202 = 0303 — I. (23)
And
0109 = —0201 = 03 (24)
003 = —030p = 01 (25)
0301 = —0103 = 02 (26)

This can gives the commutation and anti-commutation relations. Alternatively, we can prove it using
expression (21).
(01, 0j] =00} — 0jo; = (851 + i€jjrox) — (8] + i€jix0y)

. . . : . (27)
=i€;jk0k — 1€jjk0) = 1€;jk0k + 1€;jk0) = 2i€;j0
where we have used J;; = §;; and €j;x = —¢;j. Similarly, using expression (21), we have
{oi,0j} =0i0j + 0jo; = (01 + ieyjok) + (0] + iejixoi)
(28)
=20;1
where we have used §;; = §;; and €;; = —€;j. |

Problem 5 Prove the Cauchy-Schwarz inequality that for any two vectors |v) and |w), |(v | w)|*> < (v |

v){w | w)
Solution: Consider two vectors |v) = (vq,---,v,)T and |w) = (w1, --- ,w,)T, we see that
(wlw) = [Jw]* = Zw wi, (vlo) = |lo|* = Zv vi, (vlw) =} vjw:. (29)
i
If ||[v|| = 0, the inequality trivially holds, namely 0 < 0. Therefore, we assume that ||v| # 0, then we can
construct a vector w — %U, the norm of this vector is nonnegative
(o]w) [elw)? _ [l | [©lw)?, >
0<jlw— 0| =(w|w) - - o]
lo]]? lo]2 o] lo]|*
5 (30)
| (v]w)]
=(w|lw) — “—5—.
(w|w) ol
This implies that
o (wlew) > [{vlw)]?. (31)

and asserted inequality follows.
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Problem 6 Let @ be any real, three-dimensional unit vector and 6 a real number. Prove that
exp(i07 - 7) = cos(0)I +isin(0)v - 7

where 7 -0 = Z?’:l v;0;
Solution: From defining properties of Pauli matrices

0'1'0']‘ = 51']'1 + iei]-k(rk. (32)
we see that
(@-0)(b-0)=d-bI+i(@xb)-7 (33)
This further implies that (- 7)? = I. From Taylor series expansion for matrices
. = (1A)"
exp(id) = ) ( n') (34)
n=0 :
and noticing that for interger k > 0
(i07 - )%+ = i(— 1)k (G- 7) (i67-7)% = (—1)k*1 (35)
we can get
e o >, (i07-0)"
exp(i07-7) = ’;) o
0 1)kg2k © i(_1)kg2k+1l(7. 5 36
_§ CUR S i1 @) 36)
k=0 = (kD)
=cos(0)I +isin(0)7 - &
This completes the proof. |

Problem 7 Prove that for any 2-dimension linear operator A,
A= 1Tr(A)I—}-1 iTr(AU )y
) 2 & KoK
in which oy (k = 1,2, 3) are Pauli matrices.
Solution: Recall that ¢, (Where 0y = I and oy (k = 1,2,3) are Pauli matrices) form the basis of complex
vector space M;(C) of 2 x 2 matrices. This means that we can write A = Zi:o a,0y with some complex
coefficients a;,. Then

3
Aoy =Y a,0,0% (37)
u=0
since
Tr (Uﬂak) = 20 38)
then
3 3
Tr (Aoy) = Z Tr (aya},ak) = Z 20,6,k = 2ay (39)
u=0 u=0
Therefore 1
aj = E Tr (AO'k) (40)
From which we obtain s
1 1
A=-Tr(A)I+=) Tr(A 41
A+ 5 3T (A (a1)
this completes the proof. |

—4-
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Problem 8 If A and B are two linear operators, show that
Tr(AB) = Tr(BA)

Solution: This is almost obvious from direct calculation
TI'(AB) = ZZa,]b]l = ZZbl]aﬂ = TI'(BA)
i i

This completes the proof. u

Problem 9 Let p be a density operator.
(1) Show that p can be written as
_I+r-o
=
where r is a real three-dimensional vector such that ||r| <1
(2) Show that Tr (p2) < 1, with equality if and only if p is a pure state.
(3) Show that a state p is a pure state if and only if ||r|| = 1.
Solution:
(1) Since 03, with u = 0,1,2,3 form a basis of complex vector space of 2 X 2 matrices, we have

P = X000 + X107 + X202 + X303, (42)

for complex numbers x;. Since p is Hermitian, x; are real numbers. Since Trop = 2 and Tro; = 0 for
i=1,2,3, we obtain
Tr(0v0y) = 200y 43)

From which we have x, = 1 Tr(po,), this directly implies that

xo=1/2, (44)
and we defined
r = (2x1,2x, 2x3)T = (Tr(pal),Tr(paz),Tr(pag,))T. (45)
Taking trace of Tr(poy ), we arrive at
1
Xg = E/ (46)
thus we get
_I—f—’l’“o’_l 1—}—1’3 Tl—irz
=" 2<r1+ir2 1—r3 ) @)

To show that ||| < 1, notice that p is positive semidefinite, thus detp > 0, namely

1(14r3 ri—ir 1 2
— = —(1-— > 0.
det (rl tir, 1-ry ) g7 InlH =0 (48)

This implies that ||r| < 1.

(2) Suppose that p = Y, p; |¢i) (¢, then
p* = ZPi|4’i> (¢il ij|¢j><4’j\
i j
= ZPin|<Pi><<Pi | j) (¢l (49)
L]

:Xi:p?‘¢i><¢i|

Problem 9 continued on next page. .. -5-
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then

Tr (Pz) =Tr (ZP? |#1) <¢i’>
=Tr <Z pi (i ¢i>> G0
since ) ; p; =1, then }; plz <Y.,;pi =1then

Tr (,ﬂ) <1 (1)

=1,
i (52)
pizj =0
which means that p is a pure state.
(3) This can be proved using the criterion we prove in (2) Notice that

with equality hold if and only if

I+r-o
- (53)
then 1
2\ _ 1 . 2
Tr (p?) = ;T (1+2r-o+2|r|?) (54)
By involking
Tr(I) =2,Tr(0;) =0,(i =1,2,3) (55)
we get that
1
2\ — = 2
T (0?) = 5 (1+1Ir)2). (56)
Since p is a pure state if and only if
Tr (pz) —1 (57)
this implies that
7[> = 1. (58)
Thus we complete the proof. |
Problem 10 p, = 247 oy — B9 hrove that Tr (040p) = 74 ™E,
Solution: Firstly, Recall that
(ng--o)(ng-o)=ns -ng+ilng Xxng)-o. (59)
Thus, we have
1 )
pApBI1(I‘|‘TLA'0'+TLB'0'+TLA'TLBI+I(TLAXTLB)-O') (60)
Since Tr (0;) = 0, Tr(I) = 2, we have
1+ny-n
Tr (oapp) = ——5— (61)
This completes the proof. |
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Problem 11 Consider an experiment, in which we prepare the state |0) with the probability |Cy |2, and the
state |1) with the probability |C; 2. How to describe this type of quantum state? Compare the differences
and similarities between it with the state Cy|0) + Cye®|1)

Solution: The first case is that this state is a classical mixture, i.e., mixd state, whose density matrix is

2
pc = ICol? )01+ a1y 1] = ( S e ) 6

There is no coherence of |0) and |1) in this state, when we measurement an observable A we obtain
(A)c = |Col? (0] AJ0) + |C1[*(1]A[1). ,
The second case is The state |¢) = Cy|0) + C1¢[1) is a pure state, whose density matrix is

po = [9) (9] = Col* [0)(0] + |C1[*[1) (1] + CoCre™*[0) (1] + CoCie®|1)(0]

_ [ G CoCre® (63)
CoCie® |Gy

The |0) and |1) are in a coherent superposition, there is off-diagonal terms of the density matrix. In this
case we measure an observable A we will find that (| A|p) # |Co|? (0] A|0) + |Cy|2(1| A|1), the appearance
of the cross-term is a result of the coherent superposition. Thus, we see that, when measuring these two
states in {|0),|1)} basis, the probabilities we get |0) and |1) are same; if other basis is used, the probabilities
are different. |

Problem 12 Please prepare the polarized optical quantum state Cy|0) + C1e’?|1) from an initial state |0),
with half wave plate and quarter-wave plate. To implement arbitrary single qubit unitary transformation,
how many wave plates are at least needed, and how to perform them?

Solution:

Before doing this let’s first recall some basic concepts from linear optics. From Maxwell equation we
known that for electromagnetic wave, E | k, if the light go along z-axis, then k = (0,0,k) and E = (Ey, E,,0).
A general plane-wave solution of Maxwell equation is then

E _ A’eisziwt (64:)
where A = (Ay, Ay, 0). Thus we can focus on a two-dimensional vector known as Jones vector
T: (Ax/ Ay) (65)

If we set [0) = J, = (1,0)T and |1) = ]y = (0,1)T we see that the general polarization state of the optic is of
the form - o
E = || 4] (al0) +be[1)) efteiet (66)
where the corresponding Jones vector is
T =al0) +be (1), |a]®+ |b|* = 1. (67)
The operations of optic devices can then be modeled as a 2 x 2 matrix, known as Jones matrix, namely
ﬁ)ut = udevice/:;'n- (68)

We see that this matches well with qubit and its unitary operations.
The Jones matrix (up to an overall phase factor) of a retardation plate with the fast axis at 6 to the x-axis

is given by
wo = (ol ) (6 o) (5 S )

_ cos (9)+e 0 sin?() cos(0) sin(6) — e~ cos(6) sin(6)
cos(f) sin(h) — e~ cos(8) sin(8) ~i0 cos (9) + sin?(0) ’

(69)

Problem 12 continued on next page. .. -7-
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Then we see that the operations of half wave plate and quarter-wave plate with the fast axis at 6 to the
x-axis on a given polarization state are given as the following;:

¢ A half wave plate rotates the state vector by 6 = 7r. The operator reads

cos(26)  sin(26)
Un(6) = < sin(20) —cos(26) ) (70)

* A quarter-wave plate rotates the state vector by 6 = 7. The operator reads

1 1+ icos(26) i sin(26)
Ug (6) = V2 < islin(ZG) 1 i icos(26) ) 1)

B

Claim: To realize a general 2 x 2 unitary matrix U up to a global phase factor, two quarter-wave plate
and one half wave plate are needed.
To prove this, suppose that
a b
u= (c d) (72)
Ba

notice that the rows and columns of U are unit vectos, let 2 = €% cos ¢, then b = ¢/% sin ¢ and ¢ = ¢/ sin ¢,
this further implies that d = ¢% cos ¢. Here 6,, - - - ,6, are some real parameters.

Two rows and two columns are orthogonal respectively, therefore, a*c + b*d = 0 and a*b + c¢*d = 0.
This implies that when ¢ # T we must have

ele=0a 4 o0a=0b — (B0 4 a0 — (73)

Now suppose that
U = Ug (7)Ur(B)Ug (a) (74)

we obtain a system of equation

a = e cos ¢ = cos(a — ) cos(a — 28 + ) — isin(a + ) sin(a — 28 + ) (75)
b =% sin ¢ = cos(a — 2B + y) sin(a — y) + i cos(a + y) sin(a — 28 + ) (76)
¢ = e%sing = icos(a + ) sin(a — 28 + ) — cos(a — 2B + ) sin(a — ) (77)
d = e cos ¢ = cos(a — y) cos(a — 2B + ) + isin(a + ) sin(a — 2B + 7) (78)

It’s easily checked that we can choose «, 8,y such that these equation have a solution and conditions
(73) is satisfied. This completes the proof of our claim. '
To prepare the state Cy|0) 4+ C1e/|1), perform the unitary transformation U = e"sun( YW (B)Uz ()

[SE

on the state |0). By solving the equations

< C(ljeoi" ) = ei(sug (MUr(B)Uz (a) < (1) ) (79)

namely,

Co _ eitgi cos(a — ) cos(a — 2B+ y) —isin(a + ) sin(a — 2B + ) (80)
Cie® |~ /2 \ cos(a—2B+7)sin(a — ) +icos(a+ ) sin(a — 2B+ 7)

we can obtain the corresponding angles between the fast axis to the x-axis of the quarter-wave plates and
half wave plate. |
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Problem 13  Suppose a two particle pure state is of the form |®) o5 = ﬁ|0) (%|0> + ?H)) + L) <§|0> + l|1)>
(1) Calculate the reduced density matrices p4 and pp.
(2) Do Schmidt decomposition.
Solution:
(1) This can be done by direct calculation.

S

A= é{(l0> +V/3[1)) (0] + V3(1]) + (v3]0) + 1)) (V3(0] + (1))}

V3 V3

1 1 (81)
210} (0] + 211} (1] + X210) (1] + L= [1) 0]

(2)To do Schmidt decomposition, we need calculate the eigenvalue and eigenstates of two reduced
density matrices. Notice that the eigenvalues of two reduced density matrices are the same, i.e., A} = Al =
ABand Ay = A4 = AB.

e For py, Afz = 1(2£/3), then get eigenvectors.

N

Arba = M)

Aaba = |14

(|0> +11))
~(J0y 1))

N

¢ For pp, A 1 5 = %(2 + 1/3), the corresponding eigenstates are

[Ar)s = [AF) = 7<|o> +11))
(82)
A2 = [AF) = 7<|o> 1))
Then, using the Schmidt theorem we know that
V2++3 V2—1/3
®) = VMg M)+ VA A4 [A2)p =5 [M)a [M)p + 5 [A2) 4 [A2)p
_1+43 1-+3 (83)
2\/ |/\1>A |/\1> 2\6 |)\2>A |)\2>B
This completes the solution. |

Problem 14 Prove that suppose |¢) is a pure state of a composite system, AB. Then there exist orthonormal
states |i4) for system A, and orthonormal states |ig) for system B such that

=) _Ailia)lip)

where A; are non-negative real numbers satisfying y; A? = 1 known as Schmidt coefficients.
Solution: ‘
Suppose that the orthonormal basis {|&'y)} of H4 is chose such that p4 = Trg(pap) is diagonal:

oA = Zl L pilely) (€}4|, with the orthonormal basis of #p is chose as {|e] )}. Assume that in this basis we

Problem 14 continued on next page. .. -9-
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have [$4p) = ¥ ; T;;|e) @ |ep), then

da dp

|YaB) = ZZ |3A ®|e]

i=1j=1

Ay
= L1e Z ileh)), (84)
= Z &) ® |6’ B

Where |¢/) = 272 1 Tij\e{;). Note that we still need to prove states {|¢'3)} are mutually orthogonal or
normalized. Since reduced density matrix

da o
Z pilea) (€] = pa = Trppas,
i—1

. (85)

= Z ) 9A|TTB(\€B><€B)-
ii'=1

Hence, TrB|e’fg><e’é| = <e’§;\e’i ) = pidiy, let ) = \F|e L), it turns out that {|é%)} are othonormal. This
implies that

da ) )
[WaB) ) v/Piles) @ 18)- (86)
i=1
We remark that although we write the sum run over i = 1 to i = d4, the sum actually runs over the i for
which p; # 0. '
By relabeling A; = /p; (thus Y; A2 =Y p; = 1), |ia) = |&,) and |ig) = |é%), we see that

$) =) Ailia) lip) (87)
i
This completes the proof. u

Problem 15 Prove that suppose { ’lPi>} , { |1}31>} are two sets of normalized and orthogonal states in space

H then there exist a unitary transformation U, s.t. U |¢;) = |¢;), and construct this U transformation.

Solution:
The unitary transformation can be constructed as
=53 | (yi (88)
It’s easily checked that
Ulyi) = |§:)- (89)

For checking the unitarity, we have

= (2 |o5) (B[} (20190 wl) =l ol = 1 (%0

The UU' can be checked similarly. n

-10-



Lu Wei Introduction to Quantum Information: Exercise 1

Problem 16 Suppose ABC is a three component quantum system. Show by example that there are pure
quantum states ¢ of such systems which can not be written in the form

¥) = Z/\i lia) lip) lic)

where A; are real numbers, and |i4), |ig), |ic) are orthonormal bases of the respective systems.
Solution
A characteristic feature of Schmidt-like form expression of

2
) = Z)\i lia) liB) lic) 91)

is that the reduced density matrices p4, pp and pc have the same eigenvalues A?. For a pure tripartite
state [¥), we know that the reduce density matrix pap = pc, since we can use Schmidt decomposition of
bipartite system AB and C. But when p 45 is a mixed state, p4 is not necessarily the same as pp. Such kind
of example is easy to given, suppose that p4 = |0)(0| and pp = p|0) (0] 4 g|1) (1|, we construct

pap = pa® pp = p|00){00] + 4]01){0]. (92)
We can purify this mixed state by adding system C, thus we obtain

['Y) apc = /p|000) + /4|011). (93)

If p,q # 0,1, the state |¥) is what we want. [ |

| December 13, 2020
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